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1Università degli Studi di Firenze
Dipartimento di Matematica “U. Dini”
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Abstract
The phenomenon of vasomotion, consisting in periodic oscillations of blood vessels walls is particularly
important for the flow venules provided with valves preventing back flow. Here we formulate a mathematical
model for based on approximations of the flow equations implied by the smallness of the radius-to-length
ratio. For venules we postulate the presence of just two valves and we show that the model reproduces the
periodic pressure pulses that have been detected in the experimental literature devoted to venules of the bat
wing. In addition, the flow generated by the syncronous vessel oscillation is recovered as the limit of the
flow generated by the vessel peristalsis in the limit of large wavelength.
1 Introduction
Blood vessels equipped with smooth muscle cells may undergo radial oscillations that are independent on heart
pulsation or respiratory rhythm, and have indeed a different frequency. This phenomenon, called vasomotion,
was first observed by T.W. Jones [17] in 1852 in the venules of the bat wing. Its biological mechanisms have
been studied in a number of papers. See the reviews [22], [13], [1] and the papers [21], [29], [20], [3], [14], [23],
and [19] proposing various mathematical models for the onset of persisting oscillations. Vasomotion frequency
can (exceptionally) reach 25 cpm and amplitude can peak to 100% of mean diameter [15]. More ordinary values
are 10 cpm and 25%. Since vasomotion is particularly active right where vessels resistance becomes large, it is
a phenomenon considered with great attention, since it may have a critical influence on microcirculation.
In the recent paper [4] the authors, experimenting with bat wings, proved that venules vasomotion acts as
a pump, increasing blood flow rate, thanks to the presence of backflow preventing valves. The experiments of
[4] show that pressure exhibits large peaks during the vessel contraction, which is compatible with the presence
of an inlet and an outlet valves.
In this paper we formulate a mathematical model for an incompressible Newtonian flows in a cylindrical
tubes, representing the venule. The tube walls, contracting and expanding periodically, act as a peristaltic
pump. The tube has two valves: one at the entrance and the other at the outlet. Though we exploit the
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where R∗o is the maximum vessel radius and L
∗ is the vessel length, the interaction flow-vasomotion is quite
complicated because of the action of valves. Following [4], we consider each valve as a compliant membrane
which opens (respectively closes) when the pressure on its left side is larger (respectively smaller) than the one
on its right side. The valve’s action is thus modeled imposing a unilateral, or Signorini, boundary condition,
which, in the authors’ knowledge, is a novelty.
The analysis of the peristaltic flow, in a low Reynolds number and lubrication theory context, has been
developed in a number of papers. Here we just mention [10], [24], [2], [31], devoted to the peristaltic wave
optimal shape, and [27] in which the coupling between the flow and mechanics of the tube wall is studied. On the
other hand, the literature treating peristaltic flow in vessels equipped with valves is not very vast. We mention
the pioneering paper [28] in which the flow in semi-infinite cylindrical vessel is analyzed. The paper focuses on
the laminar flow driven by the wall contraction-expansion, but does not consider the open-close mechanism of
the inlet valve (the longitudinal velocity is set zero at the inlet valve). Also the peristaltic flow in micro-devices
equipped with valves has recently received attention in the context of the micro pumping technologies. In such
a framework, the valves are devices of various nature whose purpose is to make unidirectional the flow. We
mention the interesting review [16] and [12] where a model for peristaltic micro-pumps with active valves has
been developed. However the fluid mechanical setting considered in [12], as well as in many other papers devoted
to micro pumping technologies, is totally different form the one we are considering in this paper. Moreover, the
models developed in those papers do not consider the dynamic of the flow, being essentially oriented toward
the overall functioning of the device.
The model we develop in this paper considers an incompressible Newtonian fluid and a contraction-expansion
wave travelling along the vessel. In particular, denoting by λ∗ the oscillation wavelength, we investigate two
cases:
• λ∗ ≫ L∗, referred to as synchronous oscillation.
• λ∗ ≈ L∗, referred to as non synchronous oscillation.
The first case consists essentially in a uniform oscillation of the vessel walls, and, thanks to the inlet outlet
valves, we have a net flow. Indeed, if the vessel had no valves, the wall oscillations would produce, on average,
zero flow. The action of the inlet and outlet membranes converts the non-directional flow to directional flow.
In the second case a wave profile travels along the vessel. Now, contrary to the first case, we can have, also
in valveless tube, a non-zero average flow even if the external pressure gradient vanishes. However, inlet and
outlet backflows occur in valveless tubes, while in vessels equipped with valves the inlet and outlet flows stay
unidirectional.
The paper develops as follows: in § 2 we present the mathematical model. In particular, § 2.3 is devoted to a
detailed discussion of the inlet and outlet boundary conditions. The synchronous oscillation model is illustrated
in § 3, while the non synchronous oscillation in § 4. In § 5 we present some numerical simulations which,
highlight physical consistency of the model. We indeed show that the first case (synchronous oscillation) is
recovered from the second one in the limit of “long” wavelengths. Last but not least, in § 6 we show numerical
solutions that are close to the experimentally detected pressure behavior displayed in [4].
2 Flow in a vessel equipped with an inlet and outlet valve
The physical effect of vasomotion on blood flow in venules equipped with valves preventing backflow is completely
different from the one occurring in a valveless vessels. Indeed the valves confer to vasomotion a pumping action,
whose contribution to the flow may be comparable to the one of the available pressure gradient.
While valves in the major veins had been observed since the early times of anatomy2, the presence of valves
in small veins has been underestimated or even ignored. The paper [5] reviews the historical perspective on
1The symbol “ ∗ ” denotes dimensional quantities.
2There is some controversy about the discovery of vein valves. According to A. Caggiati the first to describe them was the
Catalan Ludovicus Vassaeus in his De Anatomen Corporis Humani tabulae quator (Venice, 1542). See [6], [7], [5]. There were
more or less contemporary or even earlier observations. In the old review paper [9] reference is made to unpublished findings on the
subject by Giambattista Canano (1515-1579), professor of anatomy in Ferrara, that he reported to Vesalius in 1545. In the same
2
the subject, particularly concerning microscopic valves, whose existence has been proved in venules as small as
25 µm diameter, where they may be arranged in series (see [6], [7]).
With the target of fitting some of the experimental data of [4], we formulate a novel model for vessel equipped
with just two valves placed at x∗ = 0 and x∗ = L∗, corresponding to vessel’s inlet and outlet. The behavior of
pressure shown in [4] cannot be explained without the presence of valves that act synchronously with the vessel
oscillation. Indeed, a model with distributed valves, as the one developed in [8], cannot explain the pressure
peaks detected in [4], since such a model encompasses a condition of pressure continuity which forces pressure
to stay between the imposed inlet and outlet values.
2.1 The mathematical model
Let us now suppose that the vessel radius R∗ evolves as a travelling wave with wavelength λ∗, i.e.
R∗ (x∗, t∗) = R∗oR (x










• Φ (η) is a periodic function (with period 1) such that maxΦ = 0, minΦ = −1. We suppose also that
Φ is decreasing in a fraction of the period (contraction phase) and increasing in the remaining fraction
(expansion phase). In the physiological case of vasomotion the contraction fraction is typically < 0.5, [4].
• R∗o is the maximum radius.
• 0 < δ < 1, is a dimensionless parameter, so that R∗oδ, gives the oscillation amplitude.























represents the average contraction velocity, so that we set v2 ref = Ṙ
∗
ref . In vasomotion Ṙ
∗
ref is available from
experiments. We introduce also λ = λ∗/L∗. As already stated in the introduction, we consider two cases:
1. λ∗ much larger than L∗ (more precisely λ−1 ≤ ε), meaning that the vessel essentially undergoes spatially
synchronous oscillations.
2. λ∗ comparable with L∗ i.e. λ = O (1).
In [11] we proved that when λ∗ ≪ L∗, peristalsis basically does not generate any flow. In dimensionless variables
(2.1) becomes














The fluid enters the tube through the inlet surface {x∗ = 0, 0 ≤ r∗ ≤ R∗ (0, t∗)} and flows out through the
outlet surface {x∗ = L∗, 0 ≤ r∗ ≤ R∗ (L∗, t∗)}.
year veins valves were described by the French anatomist Charles Estienne (1504-1564), who however claimed to have discovered
them in 1538.
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So, if v∗ = v∗1 ex + v
∗











entailing v = v1ex + εv2 er. The reference pressure p
∗







The quantity p∗ref represents the order of magnitude of the “effective pressure drop” caused by the oscillations
of the vessel (inspired to Poiseuille’s formula). The known imposed pressure difference is ∆p∗ = p∗ (0, t∗) −




≤ O (1) .
When ∆p ≫ 1, the flow is essentially dominated by the externally imposed pressure gradient and the effects
due to the wall oscillations are hardly observable. We also introduce the dimensionless pressure
p =




p|inlet = ∆p, p|outlet = 0. (2.8)
We finally rescale the radial velocity of the vessel walls u ∗ by Ṙ∗ref , namely
































is negligible3 so that the motion equation reduces to
−∇∗p∗ + µ∗∆∗v∗ = 0. (2.11)
On the tube surface we set v∗|r∗=R∗ = u∗ so that, from (2.3)
v1|r=R = 0, (2.12)















3Referring, for instance, to the data of [4] we have Re ≈ 10−2.
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The line r = 0 is a symmetry axis so that











































which, at the leading order imply















Recalling boundary conditions (2.12) and (2.14)2, we find
























































while the local discharge at time t (within an O (ε) approximation)






2.3 Boundary conditions at the vessel ends
The valves are placed at the vessels ends, and act to prevent backflow. The valves dynamics is indeed simple:
the inlet valve closes when pressure exceeds the inlet one; the outlet valve closes when pressure falls below the
outlet one. In other words, at x = 0, inlet valve, two conditions have to be fulfilled





p (0, t) ≥ ∆p. (2.22)
The first condition simply states that backflow cannot occur, while the second one guarantees that p (0, t) can
never drop below the imposed pressure. Moreover, it is necessary that at least one of such condition holds as











p (0, t) ≥ ∆p.
(2.23)
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This is a typical unilateral boundary condition - also known as Signorini type condition - which is frequently











p (1, t) ≤ 0.
(2.24)
3 First case: λ−1 ≤ ε: synchronous oscillation
This case, as stated more than once, corresponds to a spatially uniform contraction/expansion of the vessel.














































where S (t) = πR2 (t) is the vessel section. Condition (2.23) rewrites as
A (t) (B (t)−∆p) = 0,
A (t) ≤ 0,
B (t)−∆p ≥ 0,
(3.1)

























+A (t) +B (t) ≤ 0.
(3.2)
Let us consider the compression phase
·




















the entrance valve is open and the solution is








Hence, during the compression phase we have






























corresponding to a closed or open entrance valve. In the expansion phase
·







i.e. the exit valve is closed. We conclude that B equals the inlet dimensionless pressure B (t) = ∆p and,
recalling (3.2)3, we observe that the compatibility condition (3.3) must once again be fulfilled. On the other
hand, when condition (3.4) holds the exit valve is open and the condition p(1, t) = 0 yields







 and B (t) = ∆p.
Summarizing, during the expansion phase the pressure is

































corresponding to a closed or open exit valve. We remark that when
·
R = 0 equations (3.5)-(3.6) provides the
classical linear profile
p (x, t) = ∆p (1− x) .
We also observe that when a valve at one end is closed the one at the opposite end is open, so that the flux has
no interruption.
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4 Second case: λ = O (1): non-synchronous oscillation

























where A (t) is unknown at this stage. Integrating once more












where B (t) is unknown as well.








, ⇒ Q (x, t) = πλ
δ
R2 (x, t) + F (t) .
The latter allows to evaluate the mean difference between the inlet discharge (i.e. at x = 0) and the outlet




[Q (0, t)−Q (1, t)]dt.
We have










showing that the inlet and outlet mean discharges are equal
We introduce
Rin (t) = R (0, t) , Rout (t) = R (1, t) , Sin (t) = πR
2
in (t) , Sout (t) = πR
2
out (t) ,
and, proceeding as in § 3, we consider two cases:
(a) Sin (t) < Sout (t) ⇔ Rin (t) < Rout (t)













In case (a) the boundary conditions (2.23), (2.24) yields




B (t) = 8λ
δ
[







I2 (t)−R2in (t) I4 (t)
]
≥ ∆p .


















Since conditions (2.23)3 and (2.24)3 are fulfilled, we need to prove only (2.23)2 from which (2.24)2 automatically
follows because R2in < R
2




and using (4.4), we immediately obtain (4.3). Concerning case (b), we have
B = ∆p,
and
A (t) = 8λ
δ




I2 (t)−R2out (t) I4 (t)
]
,
or A given by (4.4) in case ∆p > 8λ
δ
[
I2 (t)−R2out (t) I4 (t)
]
. We have thus proved the following




I2 (t)−R2in (t) I4 (t)
]
then


















I2 (t)−R2in (t) I4 (t)
]
then
























I2 (t)−R2out (t) I4 (t)
]
then
















I2 (t)−R2out (t) I4 (t)
]
then




















5 Numerical simulations: synchronous and non synchronous oscil-
lations
In this section we provide some numerical simulations to show the qualitative behavior of the solution. We
begin by showing the behavior of the pressure selecting the function Φ(η) defined in (2.1) in the following way
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, η ∈ [0, α],
−1 + (η − α)
(1− α)
, η ∈ [α, 1].
This selection implies that the oscillation is formed by a contraction (α−fraction of the period) and an expansion





, η ∈ [0, α],
(1− δ) + δ(η − α)
(1− α)
, η ∈ [α, 1].
(5.1)
The choice of R is purely illustrative: other choices are clearly possible. In Fig.s 2, 3 we plot the pressure
profile p(x, t) for different values of λ using the expressions (4.5)-(4.8) derived in § 4. In particular, we plot
p as a function of x for t ∈ [0, 1]. The inlet pressure ∆p is taken equal to one. As one can see, when λ
approaches O(103), the pressure plots stabilize, so that a further increase of λ does not produce any change
in the pressure profiles. This fact can be explained observing that for λ sufficiently large the oscillation is
essentially synchronous (i.e. spatially uniform).
We remark that the model is physically consistent, since the plot corresponding to the synchronous oscillation
essentially coincides with the plot corresponding to the non synchronous oscillation with λ ≫ 1 (see Fig. 4).
6 Comparison with experimental data
In order to compare our model with the experimental data provided in [4] we consider a synchronous (dimen-
sional) oscillation R∗(t∗) that reproduces the experimental recording of the diameter change of a representative
venule, as shown in Fig. 3 of [4]. In particular we select a non dimensional R(t) of the type4
R(t) = at3(1− t3)3 + (1− δ). (6.1)
and we use the parameter a to fit the experimental R∗. From Fig. 3 of [4] we notice that R∗o ≈ 70 : µm,
T ∗ ≈ 6 : sec, δ = 0.25, so that we can easily find the fitting parameter a, which turns out to be a ≈ 2.37. In
Fig. 5 we show the plot of the non dimensional radius oscillation given by (6.1) and the experimental data.
Then we use the synchronous model (3.5), (3.6) defined in Section 3 to plot the non dimensional pressure




, v∗ref = 1.22
mm
sec
, p∗ref = 0.37 cmH2O, ε = 2.5× 10−3.
4Recall that δ denotes the oscillation amplitude.
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Figure 2: Dimensionless pressure profiles p(x, t) for different values of λ, obtained using formulas (4.5)-(4.8).
In Fig. 6 we show the comparison between the experimental data of [4] (Fig. 5, luminal pressure) and the
pressure profile predicted by the model. As one can see, the agreement is quite satisfactory, considering the
simplicity of the model, which includes just two valves (neglecting their inertia) and operates in a Newtonian
context. Numerical simulations of non-synchronous oscillations (peristaltic motion with wavelength comparable
to the vessel length, not shown here) did not provide a good fit. Therefore the synchronous two-valve model
seems adequate to simulate the phenomenon of vasomotion in the bat wing venules.
7 Conclusions
We have formulated a mathematical model for the phenomenon of vasomotion concerning small vessels (venules),
starting from the basic laws of fluid dynamics and exploiting the smallness of the radius/length ratio to derive
simpler approximating equations which are nevertheless rather accurate. For simplicity blood has been described
as a Newtonian fluid.
Venules provided with valves offer a quite complicated scenario. We have studied the case in which just two
valves are present (one at the entrance, one at the exit) in a broader framework, considering both the case of
flows driven by travelling contraction/relaxation wave (applicable to larger veins), and the case of synchronous
oscillation. The latter can be seen as the limit of the peristaltic motion when the wavelength is much larger
than the vessel length. This is not just a mathematical game, since it seems reasonable that an excitation
wave propagates along the vessel at a sufficiently high speed to eventually look synchronous. By means of
numerical simulations we have shown that the limit of peristalsis driven flow for large wavelength is actually
the flow generated by synchronous oscillations, as expected. Moreover, we have compared our simulations with
the experimental results of [4] on the vasomotion observed in the bat wing venules, characterized by periodic
pressure pulses. We have obtained an agreement which is remarkable, considering the simplicity of the model
core. Thus the present model indicates that, at least for the biological case of [4], the scheme with two valves
provides a quite reasonable description of the phenomenon. On the contrary, the many valves model discussed
in [8] produces a different qualitative behavior which is not compatible with the experimental measures of [4].
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Figure 3: Dimensionless pressure profiles p(x, t) for different values of λ, obtained using formulas (4.5)-(4.8).
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